Abstract-We investigate the capacity behavior of an OFDM wireless link for the frequency selective MIMO channel with correlated paths. The derivation is based on a particular channel model that characterizes path correlation as well as spatial correlation. As in the case of spatial correlation, path correlation can reduce capacity. If there is no channel knowledge at the transmitter, the capacity reduction of an OFDM based system due to path correlation can be explained in terms of the effective SNR at each tone. With spatial and path correlation information at the transmitter, we derive the optimal space-frequency precoder at every tone by numerical optimization techniques. We propose a sub-optimal precoding scheme with lower complexity which leads to a tight lower bound of the capacity of the OFDM system.
I. INTRODUCTION
In wideband wireless communications, the delay spread of the channel causes severe intersymbol interference (ISI). In this environment, OFDM is widely used because the ISI problem can be solved simply by using IFFT/FFT with cyclic prefix instead of complicated equalization. At present, the capacity of an OFDM based system is known only under the assumption that the paths in the delay domain are independent [1] . However, there are several reasons of path correlation. In a multi-path channel environment, there can be scatterers far from the transmit antenna arrays in a narrow angular range. Multi-path signals that bounce from these scatterers can be correlated temporally causing path correlation on each channel link. A particular example of path correlation is the pinhole (or keyhole) channel [2] , where a transmitted signal experiences the channel fading before the pinhole and it experiences the delay spread after the pinhole.
In OFDM, the delay spread channel is represented by a set of parallel tones (or sub-carriers) in the frequency domain. Since all the analysis and precoder design in this paper is based on an OFDM based system, we fix the number of tones as constant and refer to the resulting maximum average data rate (in bits/sec/Hz) of the OFDM system as 'OFDM capacity'. Since increasing the total number of tones in a fixed bandwidth of the ergodic channel with coding over infinite number of OFDM symbols eventually leads to the ergodic capacity, the OFDM capacity can be regarded as a lower bound of the ergodic capacity [3] .
It is known that spatial correlation reduces not only the ergodic capacity of the flat fading channel [4] , but also the OFDM capacity of the frequency selective channel [1] . In order to investigate the impact of path correlation on the OFDM capacity, we assume a particular structure in the spatial and path correlation matrix of the frequency selective channel. Similarly to the well-known Kronecker structure of the spatial correlation matrix of the flat fading channel [2] , [5] , we take a Kronecker structure in the spatial and path correlation matrix of the frequency selective channel. Based on this particular correlation model, we prove that path correlation can reduce the OFDM capacity. Furthermore, we show that the OFDM capacity reduction with path correlation can be explained in terms of the effective SNR at each tone.
To use spatial and path correlation information at the transmitter for the OFDM capacity improvement, we design a linear space-frequency precoder at every tone. Due to the Kronecker structure of spatial and path correlation, the eigen modes of the optimal precoder at every tone become same as those of the spatial correlation. The per-tone power allocation can be found by using numerical optimization. However, the optimization process usually entails large amount of computation because the OFDM capacity expression contains expectation. We propose a much simpler precoding scheme which is based on Jensen's upper bound of the OFDM capacity expression. The basic idea is similar to that introduced in [6] for flat fading channels. The proposed scheme leads to a tight lower bound of the optimal OFDM capacity limit.
The paper is organized as follows. In the next section, we propose a model for the freuquency selective MIMO channel with both spatial and path correlation. In Section III, we investigate the impact of path correlation on the OFDM capacity. In Section IV, we derive the optimal precoding scheme exploiting spatial and path correlation first, and then introduce a sub-optimal precoding scheme which is based on Jensen's upper bound. Section V investigates the precoding performance by simulations. We conclude in Section VI.
II. CHANNEL MODEL

A. Spatial and Path Correlation
Consider a frequency selective wireless channel with M T transmit and M R receive antennas. We describe this channel in terms of L sampled multi-path taps in baseband. At each sampling time, a multi-path tap is represented by an M R ×M T matrix denoted by H l (l = 0, 1, · · · , L − 1). We assume a quasi-static channel where the channel is not time-varying during one OFDM symbol but changes independently from one OFDM symbol to another. We focus on non-line-of-sight (NLOS) wireless links; the elements of H l are assumed to be zero mean circularly symmetric complex Gaussian (ZMCSCG) random variables. The entries of the channel matrices are correlated spatially and temporally in the delay domain.
The goal of this sub-section is to describe a particular correlation model that characterizes path correlation as well as spatial correlation. We start by defining a channel coefficient vector from all the multi-path taps as
where (·) T and 'vec {·}' denote the transpose operator and the column vectorizing operator, respectively. We can obtain the spatial and path correlation matrix by
where (·) H denotes the transpose conjugate operator. Spatial correlation can often be characterized by a Kronecker product of transmit and receive correlation [2] , [5] . This structure results from an assumption that only immediate surroundings of the transmit antennas have an impact on transmit antenna correlation without affecting receive antenna correlation and vice versa [7] . In addition to the separation of the transmit and receive antenna correlation, we assume that path correlation can be separated from the transmit and receive antenna correlation. This separation can occur when intermediate scattering clusters causing multi-paths exist in a narrow angular range seen from the immediate surroundings of the transmit and receive antennas and at a great distance from those surroundings.We note that the separation of spatial and path correlation does not represent an omnipresent channel property. However, this particular assumption allows analytical tractability in delineating the path correlation characteristics. Then, the spatial and path correlation matrix defined in (2) can be expressed by a Kronecker-type structure as
where R t and R r are the transmit and receive antenna correlation matrices measured at the first temporal signature (without delay) and R p is the path correlation matrix measured at any fixed link.
In the following, we restrict our analysis to the downlink case where some spatial correlation exists between different transmit antennas, but none between different receive antennas. The spatial and path correlation matrix is then given by
where I MR denotes an M R ×M R identity matrix. Furthermore, we assume that R t is a full rank matrix. Note that R p depends not only on the path correlation, but also on the power delay profile (PDP). Therefore, even if there is no path correlation, R p does not necessarily result in an identity matrix because each diagonal value of R p describing the average power of each path depends on the PDP.
B. The Space-Frequency Channel of OFDM Systems
In order to derive the OFDM capacity based on the channel model introduced in the previous sub-section, we need to represent the channel of an OFDM based system in the space and frequency domain. We will call the channel frequency response representation in the space and frequency domain 'space-frequency channel'. We start by stacking the transposed vectors of the n'th row of all H l matrices (l = 0, · · · , L − 1) and express the resulting vector in terms of
·h ω,n (5) whereh ω,n is an M T L × 1 white ZMCSCG channel vector, each element of which has unit variance. By taking the transpose operation on both sides of Eq. (5) and stacking the corresponding results for all n(= 1, · · · , M R ), we get
The space-frequency channel at k'th tone (0≤ k≤N − 1) for an OFDM based system is given by [2] 
N kl (7) where N denotes the total number of tones. Substituting Eq. (6) into Eq. (7), H[k] can be expressed in terms ofH ω , R p and R t as
where
T . The OFDM wireless link at the kth tone is then defined by
MT denotes a white ZMCSCG input symbol vector with average symbol vector energy E x , and z[k] ∈ C MR denotes an additive white Gaussian noise (AWGN) vector with component-wise noise
III. THE IMPACT OF PATH CORRELATION A. The Open-Loop OFDM Capacity
When perfect channel knowledge is available at the receiver, but no knowledge at the transmitter, Q 1/2 k becomes an identity matrix at every tone and the OFDM capacity (bps/Hz) is given by [1] 
where η denotes the signal per noise ratio (SNR) defined by Ex N0 , 'log 2 |·|' denotes 'determinant' function followed by 'log 2 ' function, and 'E{·}' denotes expectation. We substitute Eq. (8) into Eq. (10) to obtain
Herein, (·) * denotes the conjugate operator. Applying the singular value decomposition (SVD), we define R (A 1 ⊗ B 1 )(A 2 ⊗ B 2 ) , we have
Note that R
is a rank one matrix. Hence Λ k has only one non-zero diagonal element, the value of which is w H k R p w k . We now substitute Eq. (13) into Eq. (11) and use the fact that multiplying a unitary matrix does not change the stochastic properties of a white ZMCSCG matrix [8] . Then the OFDM capacity follows as
where H ω is an M R × M T white ZMCSCG channel matrix, each element of which has unit variance. Furthermore, we define the effective SNR at the k-th tone as η k = ηw H k R p w k . The factor of w H k R p w k can be interpreted as a SNR scaling factor at the k-th tone. From (14), we can see that the path correlation matrix R p affects the OFDM capacity only through changing the effective SNR at each tone.
B. The Impact of Path Correlation on the Open-Loop OFDM Capacity
We now prove that the OFDM capacity with path correlation is always smaller than that with no path correlation. We denote the entries of R p by R (m,n) p
Applying Jensen's inequality to (14), we obtain
where 'tr{·}' denotes the trace of a matrix. The value of tr{R p } means the sum of the power of all the paths on a link, so it can be regarded as constant. The equality in (16) holds when R p is a diagonal matrix or paths are uncorrelated. Therefore, the OFDM capacity upper bound can be achieved when there is no path correlation, which completes the proof. Note that the amount of decrease in OFDM capacity due to path correlation can be reduced if path correlations contain random phases. To emphasize this statement, we simulate the OFDM capacity with different path correlation phases. In this example, R p is defined as R
when p =0 and 
The magnitude of η k as a function of k tends to fluctuate more over tones with increasing p. The phases of path correlations can change the shape and the position of maxima and minima of the function η k arbitrarily. In Fig. 1 , the OFDM capacity curves are obtained through Monte Carlo simulations with η=12dB, N =64, L=6, M T (=M R )=4, and no spatial correlation (R t =I MT ). The first curve with circles shows the simulation result for zero phases in path correlations. The second curve with squares and the third curve with triangles show simulation results for two realizations of random phases in path correlations. The curves decreases monotonously with increasing p. The decline slope of the curve with increasing p is steepest in the first case. We can conclude that random phases in path correlations can mitigate the detrimental impact of path correlation.
IV. SPACE-FREQUENCY PRECODING
A. The Closed-Loop OFDM Capacity
If the transmitter knows spatial and path correlation information and the receiver has perfect channel knowledge, the OFDM capacity is given by C = max
with the power constraint
Clearly, this becomes a canonical convex optimization problem because 'log 2 | · |' is a concave function of
and the power constraint required on [10] . The fact that diagonal matrices {Q k } N −1 k=0 achieve optimality in (23) can be easily shown by applying the proof in [9] assuming that some fixed power is allocated to eachQ k . The optimal diagonal matrices {Q k } N −1 k=0 can be found numerically by a convex optimization algorithm [10] . Once the optimal {Q k } N −1 k=0 are found, the optimal precoders {Q
Note that the optimal precoders can be designed by using the eigen modes of the transmit antenna correlation matrix for every precoder's eigen modes and using the numerical optimization solution for power allocation. In the next subsection we propose a much simpler sub-optimal precoding scheme that leads to almost optimal performance without requiring numerical optimization.
C. Sub-optimal Precoding Scheme using Jensen's Upper Bound
We propose to design a linear precoder by applying Jensen's inequality to the OFDM capacity expression. We will call this scheme 'approximate waterfilling' as in [6] . (23) and (24) can be rewritten as
The OFDM capacity upper bound of (27) from Jensen's inequality is given by
with the same power constraint as in (28). The fact that diagonal matrices {Q k } N −1 k=0 achieve optimality in (29) can be easily shown by applying the proof in [11] assuming that some fixed power is allocated to eachQ k . Once the optimal {Q k } N −1 k=0 are found by waterfilling [11] , the optimal precoders {Q
The sub-optimal precoders are designed by using the eigen modes of the transmit antenna correlation matrix for every precoder's eigen modes and using the waterfilling solution for power allocation. The OFDM capacity can be calculated by using Eq. (18) with the precoders {Q
We use N =64, L=6, and M T (=M R )=1, 2, 3, and 4, respectively. The same definition of R p as in sub-section III-B is used with path correlation factor p=0 or 0.8 and zero phases of path correlations (θ m,n =0, ∀ m,n). We describe R t by a Toepliz matrix with R (q,r) t =ρ |q−r| if ρ =0 (1≤q, r≤M T ) and R t =I MT if ρ=0. Herein, ρ denotes 'spatial correlation factor' as in [2] . We use ρ=0 in Fig. 2 for no transmit antenna correlation and ρ=0.7 in Fig. 3 for high transmit antenna correlation. Monte-Carlo simulations with 2000 realizations are used for every data point. The M T (=M R ) values are indicated on the right hand sides of Fig. 2 and Fig. 3 , respectively. We compare several precoding schemes: the optimal precoding scheme (OPTIMIZ) as in sub-section IV-B, the approximate waterfilling scheme (APRXWTF) as in sub-section IV-C, and the equal power allocation schemes, (EQLPWR) for p = 0.8 and (EQLPWR-REF) for p = 0, which assume that the transmitter has no channel knowledge.
In Fig. 2 and Fig. 3 , it is observed that path and spatial correlation reduces the OFDM capacity. The amount of the OFDM capacity reduction due to path and spatial correlation increases as M T (=M R ) increases. Especially, in Fig. 2 , we can see the OFDM capacity reduction caused only by path correlation. The OFDM capacity reduction shown in Fig. 2 and Fig. 3 can be regarded as the worst case drop because we assume in the simulation that path correlation phases are all zeros. We observe that OPTIMIZ improves the OFDM capacity compared with EQLPWR. The performance gain of precoding increases as spatial and path correlation increases, the number of antennas increases, and the SNR decreases. Other simulation results (not given here) show that the precoding gain increases when multi-path taps follow the uniform PDP rather than the exponential PDP. We note that spatial correlation is more useful in enhancing the precoding gain than path correlation in that the OFDM capacity improvement by precoding with non-zero path correlation and zero spatial correlation starts to become trivial at a relatively low SNR as shown in Fig. 2 . Finally, we observe in Fig. 2 and Fig.  3 that the OFDM capacity curve of APRXWTF is almost undistinguishable from that of OPTIMIZ. APRXWTF can be regarded as a practical and efficient scheme because it leads to an almost optimal OFDM capacity limit without computationally intensive numerical optimization.
VI. CONCLUSIONS
We investigate the impact of path correlation on the capacity of an OFDM based system. Analysis is based on a particular spatial and path correlation model. We show analytically and through simulation that path correlation can reduce the OFDM capacity. The reduction becomes larger with higher spatial and path correlation. However, random phases of path correlations can mitigate the detrimental impact of path correlation. If spatial and path correlation information is available at the transmitter, space-frequency precoders can be employed to improve the OFDM capacity. The optimal per-tone precoder is designed by using the eigen modes of the transmit antenna correlation matrix and the numerical optimization solution. The precoding gain by using spatial and path correlation is substantial and the gain increases as spatial and path correlation increases and the number of antennas increases. Finally, the proposed sub-optimal precoding scheme shows almost optimal performance. As this scheme does not require numerical optimization, it can be regarded as a practical and efficient method.
